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We have fabricated and investigated a stacked two-chip device, consisting of a lumped element
resonator on one chip, which is side-coupled to a coplanar waveguide transmission line on a second
chip. We present a full model to predict the behavior of the device dependent on the position of
the lumped element resonator with respect to the transmission line. We identify different regimes,
in which the device can be operated. One of them can be used to tune the coupling between the
two subsystems. Another regime enables frequency tunability of the device, without leaving the
over-coupled limit for internal quality factors of about 104, while in the last regime the resonator
properties are insensitive against small variations of the position. Finally, we have measured the
transmission characteristics of the resonator for different positions, demonstrating a good agreement
with the model.
PACS numbers: 05.45.-a, 05.40.-a, 05.60.Cd, 74.50.+r
I. INTRODUCTION
Superconducting coplanar microwave resonators have
gained increasing interest during the past years. In par-
ticular, they represent a main building block of the archi-
tecture of circuit quantum electrodynamics (cQED) [1–
9]. Despite the breakthroughs in cQED, these strongly
coupled systems still suffer from short coherence times.
Thus, hybrid quantum systems have been proposed,
which combine superconducting qubits and natural spin-
systems [10–16]. Such systems have been reported for en-
sembles of electron spins in diamond [17–20], erbium [21]
or phosphorus donors [22]. For ultracold atomic clouds,
coherence times of several seconds have been demon-
strated close to a superconducting resonator [23] and the
coupling between such a cloud and a superconducting
resonator has been realized [24].
The resonators used in most cQED experiments can
basically be separated in two types of resonators: copla-
nar waveguide (CPW) resonators and lumped element
(LE) resonators. The latter can be used to increase the
magnetic (electric) coupling to spin-systems, by design-
ing them to have a low (high) impedance [25–29]. Some
of these spin-systems, e.g. cold atoms in a magnetic trap,
have a nearly fixed energy spectrum, which demands for
a tunable resonator in order to study both the resonant
and the non-resonant interaction between the resonator
and the spin-system. The LE resonators are typically
side-coupled to a transmission line (TL) for excitation
and readout [30, 31]. However, both the TL and the LE
resonator are patterned on the same substrate, which re-
quires the additional implementation of e.g. tunable in-
ductors [32–34] in order to make the device tunable with
respect to both its resonance frequency and its coupling
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to the input-output-circuit. Tunable inductors are typ-
ically realized using superconducting quantum interfer-
ence devices (SQUIDs) or SQUID arrays [32, 33]. How-
ever, in, e.g., electron paramagnetic resonance experi-
ments or for hybrid systems consisting of a superconduct-
ing microwave circuitry and ultracold atomic ensembles,
the operation conditions make the use of SQUIDs unprac-
tical for two reasons. First, numerous flux quanta would
be trapped in the SQUID ring and the critical currents of
the SQUID junctions would presumably be strongly re-
duced under the influence of out-of-plane magnetic fields
in the mT-range. Second, at high photon numbers such
resonators would show a considerable nonlinear behavior
due to their low dynamic range.
In this work, we demonstrate a tunable stacked two-
chip device with a LE resonator with a linear inductor on
one chip, coupled to a CPW TL with finite width ground
planes on a second chip. Tuning both the resonance fre-
quency and the coupling between the TL and the res-
onator can be realized by simply moving the LE resonator
with respect to the TL. From the technical side, the two-
chip approach allows for fast exchange of the resonator
chips, since they are galvanically decoupled from the TL
and thus do not require additional electrical contact. A
full model is employed by virtue of which the resonator
properties can be predicted, enabling precise designing
opportunities. We measure the transmission response of
a resonator with a resonance frequency of about 5.86 GHz
and compare the results with the prediction of the model
as the position of the resonator chip is varied. We find
that model and measurement agree very well. The anal-
ysis of the resonator properties as a function of the po-
sition reveals different regimes in which the device can
be operated. In particular, in one regime, the resonance
frequency remains almost constant, whereas the coupling
between resonator and TL is varied significantly, and vice
versa. Thereby, the resonance frequency can be tuned by
25 MHz without causing significant shifts of the internal
quality factor and the coupling between resonator and
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2TL can be switched on and off, without shifting the res-
onance frequency strongly. Thus, the total decay rate
can be controlled, which is crucial for pushing, e.g., a
hybrid quantum system with ultracold atomic gases to-
wards the strong coupling regime, where relatively weak
coupling strengths of about 20 − 50 kHz are expected.
Accordingly, the presented tunable device can be a use-
ful tool for experiments where the frequency is adjusted
prior to the experiment and hence, tuning speed is not a
relevant parameter.
II. FABRICATION AND SAMPLE DESIGN
Our device consists of two parts, the TL for excitation
and readout, and the LE resonator. Each of these two
elements is fabricated on a separate sapphire substrate.
For the experiment, the LE-chip is mounted on top of the
TL-chip (see Fig. 1(a)). The fabrication processes of both
chips in general follow the same routine, starting with
the deposition of a 500 nm thick layer of superconduct-
ing niobium (Nb, transition temperature Tc,Nb = 9.2 K),
deposited by magnetron sputtering on a r-cut sapphire
substrate with a thickness hTL = 330µm for the TL, and
hLE = 100µm for the LE resonator (see Fig. 1). For the
resonator chip, we use a double-sided polished substrate
to facilitate alignment and a visual position determina-
tion during the chip stacking process. After an optical
lithography step, the structures are etched by means of
reactive ion etching with SF6. A schematic of the system
is shown in Fig. 1(a). The TL has a typical CPW ge-
ometry with finite width ground planes. More precisely,
the TL has a center conductor width of S = 200µm, a
gap between the center conductor and the ground planes
of W = 90µm and a width of the ground planes of
G = 400µm. The LE resonators consist of an interdigital
capacitor (IDC, dark grey in Fig. 1(a)) in parallel with
an inductive loop (red in Fig. 1(a)). The capacitor has
N = 30 fingers with a length of lC = 500µm. The width
of the fingers is dC = 2.4µm and the gap between neigh-
boring fingers is wC = 3.6µm. The inductive loop has
two parts: first, the cigar shaped main part with a length
of lL = 530µm, a loop width wL = 15µm and a conduc-
tor width of dL = 2.4µm, and second, the connection
to the IDC. For an adequate description, however, the
inductance of the capacitor fingers has also to be taken
into account. An optical image of the resonator part can
be seen in Fig. 1(b).
Due to the double-sided polished substrate, the LE-
chip can be moved in x-direction without scratching the
Nb thin film of the TL (for details of the sample holder see
Supplemental Material [35]). Below we show that moving
the resonator can be used to tune both the resonance fre-
quency and the coupling to the TL. In particular, one can
place the LE-chip at a ”zero coupling position”, i.e., at a
position where no coupling to the TL can be observed.
III. SIMULATION AND MODEL
Figure 1 (c) shows the LE circuit, which we use to
model our device. The circuit consists of the LE res-
onator, represented by the inductor L and the capacitor
C. The part of the TL along the resonator is modeled
by the inductor LTL and the capacitor CTL, which can
be understood as the inductance (capacitance) per unit
length Ll (Cl) integrated along the LE resonator, such
that
√
LTL/CTL is the corresponding characteristic TL
impedance. For regions outside the overlap with the LE
resonator, but still below the LE substrate, the charac-
teristic impedance of the TL is given by Z0 = 41 Ω. The
remaining parts of the TL and the connection to a net-
work analyzer have an impedance of Z˜0 = 50 Ω. Several
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FIG. 1. Device and equivalent circuit. (a) Schematic view
of the experimental setup, with the LE-chip mounted on top
of the TL-chip. Dark grey parts on the top chip indicate the
capacitor, red parts show the inductive loop of the circuit.
(b) Optical image of a LE resonator (here: lC = 500µm, lL =
530µm), the blue circle indicates the center of the loop. The
zoomed version shows a section of the cigar shaped inductor
and of the interdigital capacitor. (c) Circuit representation of
the lumped device (for details see text).
3capacitors are used in the model to account for the fre-
quency shifts, induced by the presence of the TL (Cc1,
Cc2 - center conductor of the TL to resonator; Cs1, Cs2 -
resonator to ground). Due to the symmetry of our sam-
ple, we assume Cc1 = Cc2 =: Cc , Cs1 = Cs2 =: Cs in the
following, resulting in a vanishing capacitive coupling of
the resonator, due to the vanishing phase difference at
both sides of the capacitor and inductor. The coupling
to the TL, which is thus purely inductive, is mediated via
a mutual inductance M . At a temperature of T = 4.2 K,
resistive losses are dominant, which is taken into account
via a resistance R in series with the inductor L. The pa-
rameters of the device depend on the position of the LE
resonator with respect to the TL.
For the device presented in Sec. II, we perform static
field simulations of these circuit parameters, as the rela-
tive position xLE of the LE resonator and the TL is varied
in x-direction. The inductive parts were simulated using
the numerical software package 3D-MLSI [36], which is
based on the London and the Maxwell equations. For
the simulation of the capacitance matrix we use COM-
SOL Multiphysics. The results of the simulations are
shown in Fig. 2. Here, xLE = 0 corresponds to the posi-
tion where the center of the inductor loop (blue circle in
Fig. 1(b)) is centered above the center conductor of the
TL. Thereby, the capacitor is on the left side of the in-
ductor (cf. black and red box in Fig. 2(a)). Varying the
relative distance xLE, the inductance L is modified (see
Fig. 2(c)). For positions xLE at which the inductive parts
of the LE resonator are above a superconducting surface,
the inductance L decreases due to screening currents in
the superconducting parts of the TL. These currents cor-
respond to a mutual inductance which is mapped on L
and, thereby, reduces L. Note, that this mutual induc-
tance is not the same as M , since the origin of this mu-
tual inductance is the bare presence of a superconducting
surface below the resonator, and the origin of the mutual
inductance M is the coupling to the TL. The magnetic
coupling between TL and resonator is mainly mediated
via the z-component of the magnetic field, or more pre-
cisely, by the flux threading the resonator. Figures 2(a),
(b) show that the z-component Bz of the microwave mag-
netic field of the TL, and hence, the inductive coupling
is expected to be strong directly above the gaps between
the signal line and the ground conductor of the TL. Intu-
itively, one might assume that both the inductance L and
the mutual inductance M are symmetric around xLE = 0.
However, the symmetry axis is shifted towards xLE > 0,
which can be seen in Figs. 2(c), (d). This is due to the
fact, that the inductance of the IDC is taken into account
in the simulations. The TL inductance LTL remains con-
stant (Fig. 2(d)). Note, that Fig. 2(d) shows the position
dependence of M and LTL, both normalized to L, as well
as the capacitances Cc, Cs and CTL, all normalized to C.
Accordingly, changes of the plotted normalized parame-
ters with xLE may also reflect changes of L and C upon
varying xLE. However, Fig. 2(c) shows that the relative
variation of L and C with xLE is < 2% and < 0.3%, re-
FIG. 2. Simulation results of the circuit parameters. (a)
Cross-sectional view of the magnetic field lines and Bz-
component of the TL microwave magnetic field. Grey boxes
picture the CPW, black and red box correspond to the width
of the IDC and the inductive loop, respectively, for xLE = 0.
Dashed line at z = 100µm indicates plane for (b), linescan
of Bz-component, (c), simulated variation of the inductance
L and the capacitance C, and (d), mutual inductance M , TL
inductance LTL, both normalized to L, as well as the capac-
itances Cc, Cs and CTL, normalized to C, for the relative
distance xLE between the LE resonator and the TL. (for de-
tails see text)
spectively. Hence, the shown dependencies in Fig. 2(d)
reflect changes of M , LTL, Cc, Cs and CTL with xLE.
In addition to the inductive changes, also the capaci-
tance is modified for different positions xLE. Whenever
the IDC is above a conducting surface, part of the elec-
tric field lines end on this surface, reducing the IDCs
capacitance (Fig. 2(c)). This is the case when the cen-
4ter of the loop is above the center of the gaps of the TL
at xLE < −150µm and xLE ≈ 150µm, and when the LE
resonator is completely above the right ground conductor
at xLE ≈ 400µm (note, that the IDC is on the left side of
the inductor). Furthermore, changing the position xLE of
the resonator, the TL capacitance CTL is modified. For
the same reason as for the capacitance C, the presence
of other conducting parts, at positions of non-vanishing
electric fields, leads to a reduction of the capacitance CTL
(Fig. 2(d), −100 < xLE < 300µm). In Fig. 2(d) the vari-
ation of the capacitances Cc, Cs is shown. The trend
of Cc along the position xLE is inverted to the one of
Cs. Thus, the sum of these capacitances remains almost
constant (cf. Fig. 2). As discussed in the Supplemental
Material [35] in more detail, this will result in a resonance
frequency which has a weak dependence on the changes
of the capacitances Cc and Cs of the circuit.
Using Kirchhoff equations, we calculate the ABCD
matrix [37] of our circuit (cf. Fig. 1(c)) and therewith the
transmission function S21(ω). The resonance frequency
is found to obey
ωr =
1√
LC
· 1√
1 + γ/2
, (1)
where γ = (Cc + Cs) · C−1 (for details see Supplemental
Material [35]). For different positions xLE, the simula-
tion results are used to calculate S21(ω, xLE), illustrated
in Fig. 3(a) for R = 0.005 Ω according to Qi ≈ 8200. Re-
garding the corresponding resonance frequencies ωr(xLE)
and external quality factors Qe(xLE) in Fig. 3(b), one
finds that the external quality factor Qe diverges at
x1 ≈ 85µm, where the resonance frequency also has a
maximum, whereas at x2 ≈ −65µm and x3 ≈ 230µm
both ωr(xLE) and Qe(xLE) have minima. Moreover, on
the one hand the maximum at xLE = x1 appears to
be more peaked for the external quality factor than for
the resonance frequency, on the other hand, the minima
(xLE = x2,3) are more spiky for the resonance frequency
(note, that this behavior is also found for a linear plot
of Qe(xLE)). This behavior enables the discrimination
of regimes, in which either shifts of the resonance fre-
quency ωr compared to the resonator linewidth ωr/QL or
the relative change of the external quality factor Qe is
dominant. Here, QL is the loaded quality factor calcu-
lated via 1/QL = 1/Qe + 1/Qi, where Qi is the internal
quality factor. In order to analyze these regimes in more
detail, we calculate the relative change of the external
quality factor dQe/dxLE · 1/Qe, and the spatial deriva-
tive dωr/dxLE of the resonance frequency, normalized to
the resonator linewidth ωr/QL (cf. Fig. 3(c)). For the
calculations, the internal quality factor was chosen to be
Qi,4 K = 10
4 and Qi,mK = 10
5 [30] to account for internal
losses at T = 4 K and mK temperatures, respectively.
For an intuitive understanding of the regimes it is useful
to look at the absolute values of the resonator proper-
ties (Fig. 3(b)) and their normalized spatial derivatives
(Fig. 3(c)) simultaneously.
In regime I around the maximum at xLE = x1, the
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FIG. 3. Simulated transmission behavior of the device and
regimes for varying position xLE. (a) Transmission amplitude
|S21(ω, xLE)| for R = 0.005 Ω resulting in Qi = 8200, (b)
resonance frequency (blue line; left axis) and external quality
factor (orange line; right axis). In addition, we plot the loaded
quality factor QL for two different Qi’s, taking realistic values
for 4 K (black line) and 10 mK (red line). We assume here
Qi,4K = 10
4 and Qi,mK = 10
5, indicated by dashed grey lines.
(c) spatial derivative of the resonance frequency normalized to
the cavity linewidth ωr/QL (black line, T = 4 K; red line T ≈
10 mK), and relative change of the external quality factor.
Colored areas correspond to regimes I to III (for details see
text).
coupling strongly depends on xLE, indicated by the sharp
peak of Qe and the comparatively large values of its rel-
ative changes (cf. Fig. 3(b), (c)). However, the absolute
change of the resonance frequency is rather small. Thus,
in this regime, ranging from 60µm < xLE < 100µm, the
position can be varied such that the device is either over-
5coupled (Qe < Qi), or under-coupled (Qe > Qi), without
causing significant changes of the resonance frequency. In
particular, at the maximum of the external quality factor
(x1 = 85µm), corresponding to the minimum of the mu-
tual inductance M , one finds a position where almost no
coupling can be observed, which we call ”zero coupling
position” in the following (cf. Fig. 3(a)).
One further regime, namely regime II, can be found
close to the minima x2,3 (−85µm < xLE < −45µm and
210µm < xLE < 250µm). Here, according to the vanish-
ing spatial derivatives, neither of the resonator properties
shows significant changes. Thus, for these positions, the
resonator properties are quite stable against variations of
the position xLE.
Finally, in regime III, which can be found within
−200µm < xLE < −100µm and 260µm < xLE <
400µm, the relative changes of Qe are still rather small,
however, the resonance frequency is shifted. In this
regime, varying the position can be efficiently used to
tune the resonance frequency of the device, without leav-
ing the over-coupled limit (Qe < Qi). Therefore, the
model predicts a tunability of 25 MHz. Opposed to us-
ing SQUID arrays or ferroelectrics, the tuning due to
the variation of the position does not result in significant
changes of the internal quality factor [32, 33, 38].
In summary, with some restrictions the device enables
operation in regimes where both the external quality fac-
tor and the resonance frequency can be shifted indepen-
dently of each other. In addition, there is a regime in the
over-coupled limit, where none of the resonator proper-
ties depends strongly on variations of the position x.
IV. SIMULATION VS. EXPERIMENT
As a demonstration of suitability, we make a compari-
son between the model, using the simulation results, and
measurement, for varying position xLE. For experimental
details see [35]. At a temperature of T = 4.2 K, where
tunneling two-level-systems are saturated, we measure
the transmission S21(ω, xLE) (Fig. 4(a), (b)). Regard-
ing Figs. 3(a) and 4(b) the calculated and measured for-
ward scattering parameter S21(ω, xLE) can be compared,
demonstrating a qualitatively good agreement. As pre-
dicted by the model, by changing the position xLE, the
measured resonance frequency of the device is shifted.
Furthermore, we observe that the depth of the resonance
dip is modified, indicating position dependent coupling
strengths. At xLE = 85µm there is no resonance dip in
both the model and the measurement. More precisely, in
accordance with the model, Fig. 4(b) demonstrates that
the depth of the resonance dip decreases when xLE is in-
creased from −65µm to ≈ 85µm, and gets deeper again
when xLE is increased even more.
We fit the measured data using Eq. (S10) [31, 35],
S21(ω) = Ae
iφ
1 + 2iQi
∆ω
ωr
1 + QiQe + i
Qi
Qa
+ 2iQi
∆ω
ωr
. (2)
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FIG. 4. Comparison of model and measurement. (a) trans-
mission measurements for different positions xLE with an in-
put power of Pin = −40 dBm (grey) at a temperature of
T = 4.2 K with best fits using Eq. 2 (green lines) - for clarity,
data are shifted along the vertical axis arbitrarily. Black line
corresponds to data at the zero coupling position. (b) mea-
sured |S21(ω, xLE)| at T = 4.2 K, (c)-(e) ωr, Qe and Qi as a
function of xLE for model (red squares) and measured data
(green circles).
6The dimensionless parameter Qa accounts for an asym-
metric lineshape of the transmission function around the
resonance frequency ωr. For a given resonance curve the
errors in Qe, Qi and Qa typically are below 1.5%, for
the resonance frequency they are even below 2.5 ·10−5%.
These errors are far below the symbol sizes in Fig-
ures 4(c), (d) and (e). Larger errors arise from an un-
certainty of ±5µm in the determination of xLE, leading
to an error in ωr below 0.05%, which is comparable to
the symbol size. For Qe the error strongly depends on
the position and is indicated in Fig. 4(d) by error bars.
Further, we observe run-to-run variations of Qe and Qi
of about 5% which is the dominating error source for
Qe. We compare the extracted fitting parameters ωr, Qe
(green circles in Fig. 4(c),(d)) with the calculations of
the model using the simulations (red squares). For the
sake of comparability, the calculated resonance frequen-
cies were shifted upwards by a factor of 1.0023. This
small difference could originate from a slightly higher
substrate thickness of the LE-chip, resulting in smaller
capacitances Cc, Cs and higher resonance frequencies.
Then, model and the measurement agree both qualita-
tively and quantitatively very well for the resonance fre-
quency ωr. Despite the qualitative agreement, the ex-
ternal quality factor Qe is underestimated by the model
since it does not include the entire experimental setup,
e.g. the in- and output coupling to the SMA connec-
tors (note, that this is the reason for the different color
scales in Figs. 3(a) and 4(b)). This can lead to stand-
ing waves on the transmission line [31], and thereby can
decrease the coupling between the resonator and the TL
for the resonator being close to a magnetic field node of
such a standing wave. One further issue, falsifying the
extracted value of Qe, is the finite width of the ground
planes of the TL, disabling proper grounding conditions,
thereby supporting parasitic transmission through the
sample holder [39, 40], which in that case acts as a hol-
low waveguide. Thus, some parasitic microwave power is
transmitted from one port to the other, masking the ratio
of off-resonance and on-resonance transmission, which,
due to the fit with Eq. (2), defines Qi/Qe. However, as
the model predicts for xLE ≈ 85µm, also in the measure-
ments there is a certain position above the signal line of
the TL, at which no coupling between resonator and TL
can be observed. Such a position corresponds to a huge
external quality factor Qe (peak in Fig. 4(d)). Experi-
mentally, we find a zero coupling position at xLE = 90µm
(see black data in Fig. 4(b)), which is close to the position
predicted by the model. The measurement for this posi-
tion does not show a resonance dip. Hence, in Fig. 4(c)-
(e), at xLE = 90µm one data point of the extracted fit
parameters of the measurement is missing. As expected,
the internal quality factor Qi does not show a system-
atic dependency on the position xLE, and is Qi ≈ 8200
(Fig. 4(e)).
In summary, we have investigated a superconduct-
ing microwave device consisting of a lumped element
resonator, which is placed on top of a transmission
line. We have employed a full model of the circuit and
have demonstrated, that the device can be operated
in different regimes, which enable control over both
the resonance frequency and the coupling between the
two subsystems. Furthermore, the device offers the
possibility of tuning both the resonance frequency and
the coupling to the TL without significantly influencing
the internal quality factor of the resonator.
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S1. MODEL
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FIG. S1: Circuit model used to describe the two-chip resonator.
Solving Kirchhoff equations (without the capacitor CTL and the impedance Z˜0) for the circuit shown in Fig. S1
and assuming Cc1 = Cc2 and Cs1 = Cs2 leads to
V2 =
1
iωCc
{
V1 − V2 + iωMIL,R
iωLTL
− I2 − 1
2
{
V1 − V2 + iωMIL,R
iωLTL
− I2
+
{
(iωL+R)IL,R − iωM V1 − V2 + iωMIL,R
iωLTL
}
· iωCc
}}
+ (iωL+R)IL,R − iωMI1
+
1
iωCs
{
1
2
V1 − V2 + iωMIL,R
iωLTL
− I2 +
{
(iωL+R)IL,R − iωM V1 − V2 + iωMIL,R
iωLTL
}
· iωCc
}}
+ IL,R +
{
(iωL+R)IL,R − iωM V1 − V2 + iωMIL,R
iωLTL
}
· iωC,
I1 =
V1 − V2 + iωMIL,R
iωLTL
,
IL,R =
iωM [(V2 − V1) · (2C + Cc + Cs)]
−2LTL − iωLTLR(2C + Cc + Cs) + ω2(LLTL −M2) · (2C + Cc + Cs) .
(S1)
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2Using these expressions (S1), one can evaluate the matrix elements of the ABCD matrix SˆLE of the lumped element
resonator via (
V1
I1
)
=
(
A B
C D
)(
V2
I2
)
= SˆLE
(
V2
I2
)
. (S2)
Multiplying this matrix with the ABCD matrix
SˆCTL =
(
1 0
iωCTL 1
)
(S3)
of the capacitor CTL, one gets the total ABCD matrix of the circuit, and hence, the transmission S-parameter S21(ω)
by using [1]
S21 =
2
A+B/Z0 + CZ0 +D
. (S4)
The uncoupled resonance frequency of the device is ωu = (
√
LC)−1 = 2pi · 5.98 GHz (L = 1129 pH, C = 626 fF).
However, due to the capacitive and inductive coupling and the presence of the superconducting surfaces of the TL, the
frequency is shifted significantly. In order to get analytical expressions for the coupled resonance frequency and the
quality factors, approximations are made in the following. By assuming a high internal quality factor Qi > 10
3, and
consequently a small resistance R of the resonator, one can expect little influence of the resistance on the resonance
frequency. Thus, we calculate the resonance frequency ωr of the resonator using R = 0, which leads to the form
S21,R=0 =
a0 + a2ω
2∑4
j=1 bjω
j
, (S5)
where a0, a2 are real values and the bj are complex values, which depend on the circuit parameters. We then describe
our reduced circuit with dimensionless parameters,
µ =
M
L
, λ =
LTL
L
, γc =
Cc
C
, γs =
Cs
C
, γTL =
CTL
C
, ζ =
√
L/C
Z0
, (S6)
and furthermore define γ = γc + γs. By setting the numerator of the transmission function to zero, we obtain two
solutions for ωr, one of which is the negative of the other. The solution for ωr > 0 is shifted to smaller values,
compared to the uncoupled resonance frequency ωu = 1/
√
LC. We find the resonance frequency in absence of internal
losses to be given by
ωr =
ωu√
1 + γ/2
(S7)
According to Eq. (S7), the resonance frequency depends on L, C and the sum of the coupling capacitances Cc and
Cs. As shown in the main manuscript, when xLE is varied, the sum of them remains almost constant. Thus, the
frequency changes are barely induced by these capacitances. The resonance frequency is thus shifted by the varying
inductance L for different positions xLE.
For the implementation of internal losses into the model, we then transform iωL → iωL + R, or equivalently, the
inductance L to
L→ L+ R
iω
= L(1− iq), (S8)
where we have used the definition of the internal quality factor Qi of the LCR circuit presented in the main manuscript
q =
1
Qi
=
R
ωrL
. (S9)
In Eq. (S9) we have assumed that the system is considered only close to resonance (ω ≈ ωr).
We expand our derived expression for S21 around ωr up to the linear order in ∆ω = ω−ωr for both the numerator
and the denominator and receive as an approximation, analogous to [2],
S21(ω) = Ae
iφ
1 + 2iQi
∆ω
ωr
1 + QiQe + i
Qi
Qa
+ 2iQi
∆ω
ωr
. (S10)
3FIG. S2: Comparison between the exact model (grey circles) and Eq. (S10) (red lines). (a), (c) show the amplitude, (b) and
(d) the phase of the forward scattering parameter S21(ω) for various positions xLE.
In order to demonstrate the validity of this approximation, for selected values of the position xLE, both the exact
(grey circles) and approximated (red lines) amplitude and phase of the forward scattering parameter S21(ω) are shown
in Fig. S2 as a function of frequency ω. We find excellent agreement for all experimentally relevant regimes, specified
in the main manuscript. Thus, fits to measurement data using Eq. (S10) is valid for all of these regimes.
Performing a multivariable Taylor expansion for both, the numerator and the denominator of Eq. (S10) separately
in orders of µ, γc and γs, one approximately gets
Qe ≈ γ
2
TL + 4ζ
2 − 2γTLλζ2 + ζ4λ2 + ζ2γ2TLλ2
(2ζ2 + γ2TL)ζµ
2
(S11)
and
Qa ≈ γ
2
TL + 4ζ
2 − 2γTLλζ2 + ζ4λ2 + ζ2γ2TLλ2
(γTL − γ2TLλ− ζ2λ)ζ2µ2
(S12)
In our model, we neglect the impedance Z˜0 = 50 Ω and calculate the transmission function using the impedance Z0
in Eq. S4. Thus, the calculated transmission function and the corresponding external quality factors can be seen as
measured next to the resonator structure. Using Z˜0 instead of Z0 reduces the calculated external quality factors Qe
to ≈ 85% of the values shown in the main manuscript.
4S2. MEASUREMENT SETUP
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10 mm
FIG. S3: Sample holder used for varying the position xLE (for details see text).
In the experiment at T = 4.2 K, we change the position of the resonator with the sample holder shown in Fig. S3.
It consists of a brass box, in which the TL with finite ground planes is mounted. The TL is connected to the input
and output circuit via SMA connectors. On top of the TL-chip, the LE-chip is clamped between two sliding blocks,
which have small millings such that the LE-chip is tightly attached to the TL-chip. A lid closes the sample holder (not
shown). The position can be changed by rotating the screws, whereas the spring takes care for a small pressure on
the LE-chip, which accordingly can be moved in both directions. The chip stacking process is done under an optical
microscope and the accuracy in the determination of the relative distance xLE is better than ±5µm.
S3. DETAILS OF THE SIMULATION
For the simulation of the inductive part of the circuit we use the finite element software 3D-MLSI [3]. Based on
the London and the Maxwell equations, this software enables the simulation of circuits in 2.5 dimensions, meaning
that the boundary conditions are applied at the edges of a two-dimensional structure (x- and y-direction), and in
the remaining z-direction, effects of the generated magnetic fields and the corresponding inductances and mutual
inductances are taken into account using the Biot-Savart law. A schematic of the circuit is drawn in Fig. S4(a), with
an enlarged version in (b) focusing on the LE resonator. The figure illustrates the boundary conditions for current
paths used to simulate the inductance matrix. The currents in the TL are defined to flow from the left hand side
of the center conductor (port 1 (TL)), across the inductive shorts (grey dashed frames) to the left hand side of the
ground planes (port 2 (TL)). Of course, these shorts are not present in the real TL structure, however, including them
this way for the simulations automatically maps both, the inductance of the ground planes and the mutual inductance
between center conductor and ground plane, onto the TL inductance, as typical for the description in the framework
of TL theory [1]. The distance ∆l2 = 250µm between the right end of the LE resonator and the shorts is chosen as
a compromise, such that, on the one hand, no significant amount of flux generated by the currents along these shorts
is threading the inductive loop of the LE resonator, and on the other hand, the mesh is small enough to be able to
simulate the structure. In addition, the inductance of the shorts does not change the TL inductance by much. We
find that the presence of the LE resonator does not affect the inductance of the TL. Hence, the simulated value of
the TL can easily be adjusted to the correct length of the LE resonator along the TL in order to get LTL of the main
manuscript.
The capacitance matrix is calculated using COMSOL Multiphysics, which offers the possibility of a full 3D simu-
lation. For the simulation, only the IDC part of the LE resonator (black in Fig. S4) is taken into account and the
inductive loop structure is absent (red in Fig. S4). Thus, the two sides of the capacitor are galvanically separated for
the simulations. Furthermore, the inductive shorts of the TL (grey dashed frames) are not present in this simulation.
Similar as for the TL inductance LTL, also the matrix entry C
′
TL corresponding to the TL capacitance CTL has to be
adjusted to the length of the resonator after the simulation. This is done by calculating the capacitance per unit length
Cl of the TL cross-section with the second substrate on top, but without any LE resonator structure. Afterwards the
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FIG. S4: Schematic of the boundary conditions used to calculate the inductance matrix numerically. The whole geometry is
shown in (a), consisting of the TL part (grey) and the LE resonator with the inductive loop (red) and the IDC (black). For
the simulation of the inductance matrix, the TL current ITL (direction indicated by the black arrows) flow from port 1 to port
2, whereas the currents of the LE resonator go from port 3 to port 4. The grey dashed rectangle frames inductive shorts from
the center conductor of the TL to the ground planes. Panel (b) shows an enlarged picture of the IDC in order to make the
choice of boundary conditions for the currents of the LE resonator more clear.
capacitance Cl · (∆l1 + ∆l2) is subtracted from C ′TL on both sides of the TL to get CTL = C ′TL −Cl · (∆l1 + ∆l2) (cf.
Fig. S4 for definition of ∆l1 and ∆l2).
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